CLOSED HYPERSURFACES OF PRESCRIBED 
MEAN CURVATURE IN LOCALLY 
CONFORMALLY FLAT RIEMANNIAN MANIFOLDS 

Glaus Gerhardt 

Abstract. We prove the existence of smooth closed hypersurfaces of prescribed mean 
curvature homeomorphic to 5" for small n,n < 6, provided there are barriers. 



0. Introduction 

In a complete (n + l)-dimensional manifold we want to find closed hypersurfaces 
M of prescribed mean curvature. To be more precise, let O be a connected open subset 
of N, f E C^'^(O), then we look for a closed hypersurface M C O such that 



(0.1) ^|m=/(^) VxGM, 

where -ff|M is the mean curvature, i.e. the sum of the principal curvatures. 

The existence of a generalized solution M = dE, where E is a Caccioppoli set 
minimizing an appropriate functional is easily demonstrated if the boundary of fl is 
supposed to consist of two components acting as barriers. For small n, n < 6, the 
generalized solution is also a classical one, since it is smooth, M G C^'", and hence a 
solution of (0.1); but nothing is known about its topological type. 

We shall prove that in the case when n < 6 and is locally conformally flat, or 
more precisely, when in O the metric is conformally flat, smooth solutions homeomor- 
phic to S'^ exist. 

We make the following deflnition 

Definition 0.1. Let Mi, M2 be closed hypersurfaces in homeomorphic to S"^ and 
of class C^'" which bound an open, connected, relatively compact subset Q. Mi, M2 
are called barriers for {H, /) if 

(0-2) i?U, < / 
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and 

(0.3) H^M,>f 

Here, the mean curvature of Mi is calculated with respect to the normal that points 
outside of Q while the mean curvature of M2 is calculated with respect to the normal 
that points inside of fl. 

Remark 0.2. In view of the weak Harnack inequality the barriers do not touch each 
other, unless both coincide and have prescribed mean curvature /. In this case Q. 
would be empty. 

We shall consider such a region bounded by barriers Mi, M2 for (iJ, /), where 
/ e C°'^(0) is given, and assume that Vt is conformally equivalent to an open, bounded 
set in R"^"*"^. Furthermore, we suppose, if we identify VL with its image in R'^"'"-'^, 
that the barriers Mi, M2 can be considered as graphs over S'"', i.e., after fixing the 
origin and having introduced Euclidean polar coordinates (a;")o<Q;<n) where = r 
represents the radial distance, each Mj can be written as a graph 

(0.4) Mi — graph = {{x,x^^) : x^ = Ui{x), x G S^}, 

where we use slightly ambiguous notation. 

The polar coordinates can also be considered to be a coordinate system in N 
covering Vt; the metric in N then has the form 

(0.5) ds% = e2^(/s^„+i = e^'^{dr'^ + r^aijdx'dx^), 

where {(Jij) is the standard metric on S"^. 
Under these assumptions we shall prove 

Theorem 0.3. Let Q, Mi, M2, and f satisfy the assumptions stated above, then the 
problem 

(0-6) i?,^ = / 

has a solution M <zCl of class C^'" homeomorphic to S'^ , ifn<6. 

Remark O.4. Neither the function / nor its derivatives are supposed to satisfy any 
sign conditions. Even the assumption on the smoothness of / can be relaxed; if / is 
only bounded, then a solution M of class H^'^ would exist for any finite p. 

The problem of finding closed hypersurfaces of prescribed mean curvature has been 
considered by Bakelman and Kantor [1] and Treibergs and Wei [17] in the case when 
N = 'R,^'^^ assuming that / is positive and satisfies 



(0.7) 



^(-/)<o 
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where r is the geodesic distance to some fixed origin. In [5] we proved the existence 
of a convex solution in space forms under the assumption 

(0.8) -KNfga(3 + faf3<0 m ^ 

where in addition / is supposed to be positive if Kn > 0. In all cases the existence 
of barriers is required. 

The paper is organized as follows: In Section 1 we derive the basic equations for 
hypersurfaces in conformally flat spaces, in Section 2 we solve auxiliary problems, the 
solutions of which converge to the desired solution as is shown in Sections 3 and 4. 

1. Notations and preliminary results 

Let iV be a complete {n + l)-dimensional manifold and M a closed hypersurface. 
Geometric quantities in N will be denoted by {ga/s), {Ra/Sys), etc., and those in M 
by {9ij): (Rijki), etc. Greek indices range from to n and Latin from 1 to n; the 
summation convention is always used. Generic coordinate systems in N resp. M will 
be denoted by {x°') resp. (^*). Covariant differentiation will simply be indicated by 
indices, only in case of possible ambiguity they will be preceded by a semicolon, i.e. 
for a function u on N, (ua) will be the gradient and {ua/s) the Hessian, but, e.g. the 
covariant derivative of the curvature tensor will be abbreviated by Rap-yS-e- We also 
point out that 

(1-1) Ra/3f6;i — Ral3f6;eXi 

with obvious generalizations to other quantities. 

In local coordinates and ^* the geometric quantities of the hypersurface M are 
connected through the following equations 



(1.2) = -h,ji.^ 

the so-called Gaufi formula. Here, and also in the sequel, a covariant derivative is 
always a full tensor, i.e. 

n Q^i ™a _ a _ pA; a , pa P i 

yj--0) X^j — X i jjXfc -t- i p^X- X- . 

The comma indicates ordinary partial derivatives. 

In this implicit definition (1.2) the second fundamental form {hij) is taken with 
respect to —v. 

The second equation is the Weingarten equation 

(1.4) = htxt 
Finally, we have the Codazzi equation 

(1.5) hij-^k ~ hik-j = RaP'ySJ^^ x^. 
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and the Gaufi equation 

(1.6) Rijki = hikhji - hiihjk + Rap-ydx'^ x^j ^Ixf 

Assume now, that the metric in N is (locally) conformal to the metric in R"^"'"-^ 

(1.7) ds% = e2^d4„+i , 

or more precisely, assume that (1.7) is valid in the region O, where we shall consider 
O to be a subset of N as well as R"^+^ without changing the notation. The same 
convention applies to hypersurfaces M contained in Q where we distinguish the geo- 
metric quantities of M considered as a submanifold of R""""^ by using the notation 
hij, gij, 1'°', etc. The connection with the corresponding quantities in N is given by 

(1-8) 9ij = e^'^gij , 

(1.9) ly"" = e-'^i)", 
and 

(1.10) /tye-^=/ly +V'a^>"^i,-. 

Thus, the mean curvatures of M in A/" resp. R'^+-^ are related through 

(1.11) He"^ = H + n^ai>'"- 

Assume now, that M can be written as a graph over S"^, i.e after introducing polar 
coordinates (a;") in R"+^, where = r, 

(1.12) M = graphu|g„ = | (r, x) : r = u{x), x e S"^ ] 
The metric in R"'+-^ is then expressed as 

(1.13) (is^„+i = dr'^ + r^cTijdx^dx^ 
where (cTy) is the metric of S^; the induced metric of M is 

(1.14) Qij = UiUj + u^aij = u^{(pi(pj + aij), 
where (p = log u , and its inverse is given by 

(1.15) g^^=u-'(a^^-^^), 

where v — y/l + a^^ipiipj = i/l + |-D</^p, cr*-^ is the inverse of aij, and — a^^ipj. 
The product uH can be represented as 

(1.16) uH = -DAaHDLp)) + - 

V 



where a'^{Dip) = v (f^ and the divergence is calculated with respect to a, 
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2. Existence of solutions to an auxiliary problem 

As in [6, Section 4] we first find solutions to an aiixifiary problem that will converge 
to the final solution. 

Definition 2.1. A hypersurface Mq is called a supersolution for {H,f) if 
(2.1) H^M, > f. 

We, furthermore, recall our assumption that the boundary of Q, consists of barriers 
Mi, z = 1, 2 , for {H, f) that can be written as graphs over S^, Mi = graph Wj. 
We can now formulate the auxiliary problem. 

Theorem 2.2. Let Mq = graph^O; where ui < uq < U2, and uq is a supersolution 
for {H, /) with f e C^'^{Cl), then the problem 



(2.2) 



H = f-^e-^-[u-uo] 

Ul < U < Uq 



has a solution u e C^'"(S'") provided 7 and ji are sufficiently large, fi — ^(O, /) and 
7 = fl, /). Here, the reference that a term depends on Q should also indicate that 
geometrical quantities of the ambient space and the barriers are involved. 

2.1. C^-estimates. 

Let u e C^'"(5") be a solution of (2.2), where we first assume a slightly higher degree 
of smoothness so that the classical maximum principle can be applied to estimate Du, 
or equivalently, the quantity v = -y/l + l-Dt/^p in (1.15). 



Lemma 2.3. Let u e C3'"(5") be a solution of (2.2), then v = ^JlV\D^ is 
estimated by 

(2.3) ^;<const(|D«o|,|i^/|,7,/^) 

provided 7 and /i are sufficiently large. 

Proof. We transfer the equation in (2.2) into R"^"*"^, i.e. we consider 

(2.4) H = e^H - niPaiy = e^{/ - 7e-^^[w - uq]} - niPai>'"- 
Let X be the embedding vector for the hypersurface, then we define 

(2.5) x= {x,i>)~^ =u~^{Dr,P)~^ ^u~^v 
and we shall prove a priori estimates for x- 
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We choose local coordinates and compute the first and the second covariant deriva- 
tives of X 

(2.6) Xi = -{x, i>)~^{x, Vi) = -X^h'^ixk, x), 



(2.7) Xij = 2x \iXj - X%j{xk, x) + xhfhkj - X%j- 
Hence, we conclude in view of the Codazzi equations 

(2.8) -Ax = -g'^Xij = -2x-'|Pxll' - I^I^X + ^x' + ^fe«'«x'- 

Here, all indices are raised with respect to the induced metric, and we used the 
abbreviations 

(2.9) lli^xll' = ^^^X,X,- and \A\^ = hfhl 

The crucial terms are those which are quadratic in X) they have to add up to 
something negative, if x is large. 

To compute Hk it is convenient to introduce polar coordinates {x") in R"^^ and to 
decompose Daf into its radial part and into the tangential components with respect 
to 5^ 

(2.10) /=! and /, = |^. 

We then obtain from (2.4) 
(2.11) 

+ e^{fuk + f,k + -tiJ.e~^''[u - uo]uk - 7e"''''[wfc - wo,fc]} 
Using the relations 

(2.12) = ||D«||2 = L^ 
and 

(2.13) Xi = -X^hJlukU 
we conclude 

(2.14) H^u^u < c|/| + c\Df\ - c-fe-^^[u - u^] [\\Duf + x"'] + ex"' + X"'ll^xll' 
+ 7//e-^'^[w- wollpwIlV'^ - \ie-^'''[\\Duf - u-'^v-'^a'WiUQDjUo]ue'l' 
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where c = c{fl). Therefore, the righthand-side in (2.8) can be estimated from above 

by 

(2.15) c[\f\ + \Df\ + Ijx^ + (yu - c)||i?«|| V^n^ - «o]«eV 

at points where ||-Dtt|p > |. We now choose n larger than 2c, so that the second term 
in (2.15) is non-positive. Then, we choose 7 such that 



(2.16) 



1 



c[|/| + |i?/| + l] <-7e-'^^W 



and deduce from the maximum principle that 

(2.17) v<c{Q,Duo) 
where the constant is determined by the relation 

(2.18) ID^P - u-^a'WiUoDjUo < ^v^ 
2.2. Existence of solutions. 

We are still looking for hypersurfaces in R'^+^, i.e. we want to solve the equation 
(2.4) with the side-conditions 

(2.19) ui<u< uo, 
or equivalently, we can solve 

(2.20) -Di{a\D(p)) + - = uH = ue''' {f - 7e-'^"[w - uq]] - wnV'ai>", 



where </? = logtt, cf. equation (1.16). 

Let us denote the lower order terms in the preceding equation by a(a;, Dip), and 
let (pi = log Ml , (fio = log Mo, then we have to solve 



(2.21) 



-Di{a\D(p)) + a{x,(fi,D(p) = 



Here, a* is a strictly monotone vectorfield, the lower order term and its derivatives 
are bounded in (^1 < (fi < (fio, i.e. 



(2.22) 





da 




da 




da 


\a\ + 




+ 


d(f 


+ 







< const. 
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and moreover 

da 

(2.23) 7^ > > in (fii < (fi < (fio, 

Oifi 

due to our choice of n and 7, where we increase fi and 7 a bit in view of the presence 
of the additional factor e'^. 

To solve (2.21) we first assume that / is of class C^'" and uq of class C"^'". Extend 
/o = -H"|mo' where Mq = graphic to Q by setting 

(2.24) fo{x,r) = fo{x) , x e 5" 
and consider the convex combination 

(2.25) ft = tf+il-t)fo, 0<t<l. 
Then, we look at the problems 



(2.26) 



-Di{a'{D(fit)) + a{x, (ft, D(pt) = 



where / is replaced by ft, and where we have a slight ambiguity in the notation for 
t — 1. The lower order term also depends explicitly on t, but since the estimates (2.22) 
and (2.23) are independent of t, if we choose 7 sufficiently large — at the moment 7 
also depends on fg — , we do not indicate it specifically. 

We shall use the continuity method to prove that (2.26) has a solution for all 
< t < 1. Let us treat (2.26) as a variational inequality 



(2.27) 



{-Di{a'{Dipt)) + a{x, cpt, Dcpt), v-^t)>0 Vr/ e 



It can easily be shown that the obstacles tfi, (fo act as barriers, i.e. they are sub- resp. 
supersolutions for any value of t, < t < 1, so that any solution of the variational 
inequality is actually a solution of the corresponding equation. However, our proof of 
the solvability of (2.27) is valid for arbitrary C^'" obstacles. 
Define A through 

(2.28) A={te[0, 1] : (2.27) has a solution }. 

Then, we conclude 

(i) A ^ 0, since e A. 

(ii) A is dosed. It is well known that any solution of the variational inequality is 
of class H'^'P{S'^) for any finite p. Therefore, the solution does not touch the obstacles 
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at points, where the gradient is larger than the gradients of the obstacles, and it is 
a solution of the equation there. At those points the solution is also of class C^''^ 
because /, fo are of class C^'"' and Lemma 2.3 is thus applicable. We conclude further 
that uniform if ^ '^-estimates are valid and hence uniform '"-estimates, which proves 
the closedness of A. 

(iii) A is open. To prove the openness we argue as in a former paper [8]. Let to & A 
and let (ptg be the corresponding solution of (2.27) with 

(2.29) \D<fito\<co 

Let a* = a^{p) be a uniformly monotone vectorfield that coincides with a* for |p| < 
Co + 1. The existence of such a vectorfield has been shown in [8, Appendix II]. Then, 
the corresponding variational inequality 



(2.30) 



K= {r/eiyi''(S'^) : <pi<v<<Po} 



has a solution ^pt ^ H'^'^{S'^) for any t, < t < 1, since the differential operator is 
uniformly elliptic in K, and there exists A > such that the operator 

(2.31) A(p = -Di{a'{D(p)) + a{x, (p, Dip) + \ip 
is uniformly monotone, i.e. there exists eg > such that 

(2.32) tJ^-ri\\l^<{A^-Ar],^-ri) Wip,r]eK, 

where the norm on the left-hand side is the norm in H^''^{S'^). The operator 

(2.33) -D,{a\Difi)) + a{x,ifi,Difi) 

is therefore pseudomonotone and coercive in K, and the existence of solutions for the 
problem (2.30) follows from the general theory for solutions of variational inequalities, 
cf. [2]. 

As we shall show below, the solutions of (2.30) are unique for each t, hence, they 
depend continuously on t in the C^'"-norm, and we conclude that for small e > 

(2.34) \D0t\<co + ^ yteB,{to) 

since (pto = <fito, and we deduce further, that these 0t are also solutions of (2.27), i.e. 
A is open. 

We have thus proved that A coincides with the whole interval, so we have especially 
proved the existence of a solution for the crucial value t = 1. In this case, ft = f 
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and the obstacles are barriers, so that we deduce with the help of the weak Harnack 
inequality, that the solution of the variational inequality is actually a solution of the 
equation. For details see the uniqueness proof in Lemma 2.4 below. 

Let us point out, that at the moment the parameter 7 also depends on /o, and 
hence on the second derivatives of uq. However, 7 should only depend on |uo| and on 
the other quantities mentioned in Lemma 2.3. To achieve this result, we more or less 
repeat the argument just given in the first part of the existence proof. 

Let 7o be a constant such that the gradient estimate in Lemma 2.3 and the relation 
(2.23) are valid for 7 > 70- Let 7 > 70 be arbitrary and define A through 



A is not empty as we have just proved. Let 7* = inf 7. By repeating the arguments we 
used to prove that the variational inequality has a solution, we conclude that 7* = 7, 
i.e. the existence of a solution to the auxiliary problem is guaranteed provided 7 > 70- 

Before we prove the uniqueness of the solution to the variational inequality, let 
us remove the additional assumptions regarding the smoothness of / and uq. We 
assumed in the proof / G C^'"(5'"^) and uq E C'^'"(S'"^), so that the solutions (p^ of 
(2.27) are of class C^'" at points where they do not touch the obstacles in order to 
apply the classical maximum principle to estimate the C^-norm. But the gradient 
estimate for the final solution, when t = 1, only depends on the C^-norms of / and 
Uq, hence, we obtain solutions under the weaker assumptions by approximation. 

To complete the proof of the theorem, let us now show 

Lemma 2.4. Let (f & K be a solution of the variational inequality 



then (fi is uniquely determined, where we assume that the condition (2.23) is valid and 
a% a are of class in their arguments. 

Proof. Let (p be two solutions of (2.36), then we have to show <^ = or by 

symmetry, (p > (p. 

We know that ip, (p are of class H'^''p(S'^) for any finite p. Suppose 



(2.35) 



A = { 7 > 7 : (2.21) has a solution }. 



(2.36) 



(-A(a'(D(/?)) + a(x, ^,Dp),r]-^) >0 
K = {r7eC0'i(5-) : <pi<v<Vo}, 



V?7 e 



(2.37) 



G={ 



X : (p < (p} ^ $, 



then G is open and in G we have 



(2.38) 



Di{a'{D^)) + a{x, D^) > 



because 



(p < 'P2 



and 



(2.39) 



—Di{a^{D(p)) + a{x, (p, D(p) < because > (pi. 
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Hence, we infer 

(2.40) -Di{a'{D(fi)) + Di{a\D(f)) + a{x, (p, D(p) - a{x, (p, D(p) > , 

or, by setting (p^ = tip + {1 — t)(p, <t < 1, and using the main theorem of calculus 

(2.41) -D,{a^W,ip -^)) + —(^-p) + g^D.ip - p) > , 



where 



Jo 



(2.42) ^= [' ^ix,<p,,D<p,), 

dip Jo dp 

da 



da f da . ^ , 



and we conclude that 



- ■ (/O (in 

(2.43) -D,{a'Wj{ip - ip)) + g^D,{p, - ^) > - — {p - p,) 

in G. 

Now, by assumption 

(2.44) mo = inf((/? - (^) < , 

and the infimum is attained at a point xq £ G. Define rj = p) — — mo, then rj > 0, 
and (2.43) yields 

(2.45) -Diid'WjT]) + ^DiT] > 

dpi 

contradicting the weak Harnack inequality that would demand 77 = 0. Thus, we 
deduce mo > 0, and the uniqueness is proved. 

3. Almost minimal solutions 

We now apply the existence result of Theorem 2.2 successively. Let U2 be the upper 
barrier; then, if Uk-i is already defined for A; > 3, let Uk G C^'"(5'") be the solution 
of 



(3.1) 



Ul <Uk < Uk-l 
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The solutions (u^) form a bounded monotone decreasing sequence, which converges 
pointwise to a function u. The mean curvatures of the graphs converge pointwise to 
f{x,u), since 7 and are fixed; hence, graphs would be a solution of our problem, 
if the Wfc's would satisfy uniform C^-estimates. But unfortunately, we cannot prove 
this, it might even be false. Gradient estimates for graphs depend on the Lipschitz 
constant of the mean curvature, i.e. \Duk\ depends on \Duk-i\. 

However, the regularity results of De Giorgi, Massari, and Tamanini for almost 
minimal hypersurfaces imply uniform C^' 2 -estimates for the hypersurfaces provided 
the hypersurfaces are almost minimal, their mean curvatures uniformly bounded, and 
n < 6, cf. [15, 16]. 

To apply these results, we shall prove that the hypersurfaces — graph log Wfc 
are almost minimal in the metric product S'^ x R. 

We adopt the view point and the notations from Section 2, i.e. we consider the 
hypersurfaces as submanifolds of R"^"*"^ and look at their diffeomorphic images in 
5"^ X R under the diffeomorphism $(a;, r) = {x, logr). Then, each ipi- = logu^ satisfies 
the equation in (2.21) on S'^. For notational reasons we drop the index k, having in 
mind that it is fixed. Furthermore, we consider the lower order term a{x, ip, D(p) to 
depend only on x without changing the symbol, i.e. <^ is a solution of 

(3.2) -Di{a\D^)) + a{x) = in 5'^, 

where a{x) is uniformly bounded. 

Instead of a{x) let us consider the modified lower order term 

(3.3) a^^{x,t) = a{x) + eQ{t-^p{x)) 
with eg > 0. Then, aeo(a;, ip) — a{x) and therefore, we have 

(3.4) -Di{a\Dip)) + a,,{x,<p) = {) 
with 

(3.5) ^-o>°- 
We shall prove that the boundary of the subgraph 

(3.6) E = SMhip= {{x,t) : t< (p{x), xeS""} 

is almost minimal in the metric product x R, or more precisely, that it solves 
the variational problem of minimizing the so-called perimeter plus an additional pre- 
scribed mean curvature term in x R. 

We first show that E is minimal compared with other subgraphs. 
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(3.10) 



Lemma 3.1. The solution </? o/ (3.4) is also a solution of the variational problem 

(3.7) J{v)= f + / raeoix,t)^mm M r] E BV {S"^) . 

JS'^ Js" Jo 

BV{S'^) is the space of functions of bounded variation, i.e. functions the derivatives 

of which are bounded measures. For 77 e BV{S'^) the area term in (3.7) is defined by 

(3.8) 

/ y/l + jD^ = sup{ [ (7° + r/Ay) : 7"eC'°°('5"), |7T + ^y7V<l|- 

It coincides with the usual definition if rj is Lipschitz continuous. 

Proof oi Lemma 3.1. The functional in (3.7) consists of the standard area for graphs 
plus a mean curvature term; the corresponding Euler-Lagrange equation is exactly 
the equation in (3.4), thus, it is not surprising that if should also solve (3.7), since we 
know from Lemma 2.4, that the solutions of (3.4) are uniquely determined. 
Let Co be an arbitrary constant such that 

(3.9) \Difi\ < Co. 

Then, solve the variational problem 

{J{r]) min \/rj E 
K^{7jeC^'\S'') : \D7j\<co}. 

Let <f> he a, solution of (3.10), the existence of which can easily be proved in view of 
(3.5), then (f solves the variational inequality 

(3.11) {-D,{a\D^)) + a{x,<^),ri-if)>0 Mr]eK. 

On the other hand, since is a solution of the equation and belongs to we deduce 
from the strict monotonicity of the operator that (p — (p. 

Thus, is a solution of the unconstrained variational problem 

(3.12) J(r/) ^ min Vr/ e C°'^(5^), 

since cq is arbitrary, and by approximation we conclude, that also minimizes the 
functional in BViS""). 

Let A?" = 5'" X R be the metric product of S'^ and R, so that the metric in N is 
given by 

(3.13) ds\ = dt^ + aijdx'dx^. 

We also use instead of t when appropriate. 

The perimeter of a measurable set E C N with respect to an open set H C N is 
defined by 

(3.14) ^ \dxe\ = { XEDar ■■ r e c^m, ItT + ^^iji'i' < i }, 

i.e. E has finite perimeter in O iff Xe belongs to BV{Q). Sets of finite perimeter are 
also called Caccioppoli sets. It is well known that the perimeter of subgraphs is equal 
to the area of the boundary. 
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Lemma 3.2. Let Q <Z S'^ be open, rj e BV{Q) and E = subryi^,, then 

(3.15) / ^/rTW= / \Dxe\ 

The proof is the same as in the case when £^ is a subgraph in R"^"*"^, cf. [9, Theorem 
14.6]; moreover, we only need the relation when rj is of class and then (3.15) follows 
immediately from the divergence theorem. 

The demonstration of the next lemma is also identical to the proof of its Euclidean 
counterpart which is due to Miranda, cf. [14], but for the convenience of the reader 
we shall repeat a version of the proof that can be found in [9, Lemma 14.7]. 

Lemma 3.3. Let Q (Z S'^ be open, F (Z Q x R be measurable such that 

(3.16) 1) X (-oo,-T) C F C n X (-oo,T). 
For X & Q define 

(3.17) iPix)= \im I / XFi^,t)-k]. 

k->oo K J_f, J 

Then, there holds 

(3.18) / vTT^DVf < / \Dxf\. 

Proof. We note that dF HQ x K C fi x {-T,T). Let 

(3.19) iPk= [ XFi^:t)-k, 

J-k 

then ipjf is stationary for k >T, for 

XfM=\ / 1=/ XF(^>^)-r + ^, 

-k J-T J-k J-T 

i.e. 

(3.21) V'- / XFi^^t)-T 

J-T 

and -T < V < T 
Consider now 
smooth real function rj such that < ry < 1 and 

(3.22) 



Consider now 7" G C^(n), < a < n, satisfying |7°P + CFij^'^^^ < 1, and a 



r/(t) = 0, |t|>T + l, 
r/(t) = 1 , \t\<T. 
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Then, we derive 

/OO r-T 
VXf= V = Vi-T) = 1, 
-OO J —OO 

and 

VXf= V+ Xf=^ + T+ v = ^ + c 

-oo j-t-1 j-t j-t-1 

with c = const, from which we infer 

(3.25) / \Dxf\ > [ XFDaivr) 




OO /" />oo 



XfVI^ + / / XF^Da' 

Cl J — OO JClJ—oo 



Jci Jo. 



and hence 



(3.26) / \Dxp\> f V^TjDiJ^. 

Let us return to the solution ip of (3.4) that also solves the variational problem 
(3.7). We are going to prove that E — suh(fi locally minimizes the functional 



(3.27) J^{F,n)= / \Dxf\+ / XF«eo 

Jq. Jo. 

which is defined for any Q N and any Caccioppoli set F G N. 

Definition 3.4. A Caccioppoli set E G N is said to be a local minimizer for the 
functional JF if for any open Q N and any Caccioppoli set F with F A i? d O we 
have 

(3.28) J^{E,h) <J^{F,h). 

We are now ready to prove 

Theorem 3.5. Let Lp he the solution of the variational problem (3.7) and E = sub<^, 
then E is a local minimizer for the functional T . 

Proof. Let fl N and let F be a Caccioppoli set with F A E G fl, then F satisfies 
the conditions of Lemma 3.3 since (p is bounded — actually any BV{S^) solution of 
(3.7) is bounded as it is well known — , and where we choose 0, = 5". 
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Define if} as in Lemma 3.3 and set F* = subV'; then, we deduce from (3.7), (3.15), 
and (3.18) 

(3.29) / \Dxe\ < f \DXf\ + I r a,,{x,t). 



We now observe that for arbitrary but fixed x E S"^ 

nil! pk 

(3.30) / a^^{x,t)= ae^{x,t)[xF* - Xe]^ 

J ifi J —k 

where k > \ip\ + and we claim furthermore, that 

(3.31) / aeo(x,t)[xj7* -Xj,] < 0, 

J-k 

since a^f^{x, ■) is monotone increasing. 
To verify (3.31), we first notice that 

/k i-k 
-k J-k 

and hence 

/k i>k 
0'eo{x,t)[xF* -Xf]= I [oeo(a;,i) -aeo(a;,V')][XF* -Xf] 
-k J-k 

/ip I-k 
[aeo{x,t) - ae^{x,^p)][l- Xf]+ / Ko{x,t) - aeo{x,i;)][0 - Xf]- 
-k Jil) 

But both integrals are non-positive due to the monotonicity of aeo{x, • ), and Theorem 
3.5 is proved. 

The function a^o is locally bounded in N — in fact we could modify it so that it 
would be globally bounded — , from which we immediately infer that the boundary of 
any local minimizer i? of JF is almost minimal, i.e. for any Q N there exists R> 
and a constant c, such that 

(3.34) / \Dxe\ < I \Dxe\+cp^^^ 

JBp{x) JBp{x) 

for any x G O, any < p < R, and any F with F A E (£ Bp{x). 

This definition is a special case of a more general one, where the second term on 
the right-hand side of (3.34) is supposed to grow with exponent (n -|- 2a), < ct < 1, 
cf. [15]. 

We note, that almost minimal boundaries in N — or any other (n + l)-dimensional 
Riemannian space — are also almost minimal in R"^"'"^, hence the regularity results 
proved in Euclidean space apply, i.e. the reduced boundary of an almost minimal 
hypersurface is of class C^'", thus, in our case of class and the singular set is 

empty if n < 6. 
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4. Proof of the main theorem 



The C '"-estimates for almost minimal boundaries yield uniform a priori estimates 
in the case of a sequence of almost minimal boundaries satisfying the condition (3.34) 
or its more general variant uniformly. Moreover, assuming that (3.34) holds uniformly 
for a sequence of Caccioppoli sets Ej. (Z N which converge locally to some limit set 
E, then, for any convergent sequence Xk € dE^ with x = limxk we have x G dE; if in 
addition x G d'*'E (the reduced boundary), then there exists ko, such that Xk G d*Ek 
for any k > ko and the unit normals at Xk converge to the unit normal at x, cf. [15, 
Theorem 1]. 

In view of our assumption n < 6, there are no singular points, i.e. d*E = dE, 
and we conclude that the subgraphs Ek = sub(/7fc, where (fk = fog'^fc, converge to 
E = sub(/?, (f = logw; dE is almost minimal, is of class and the mean curvature 
of M = graph u in is equal to /, cf. Theorem 4.2 below. Hence, M and dE are 
of class C^''* for any < a < 1. We emphasize that only M is smooth and not 
necessarily u. 

To complete the proof of Theorem 0.3, we have to show that M is homeomorphic 
to 5" and that the mean curvature of M is equal to /. For the verification of the 
spherical type of M we observe that each Mk — graph Uk is homeomorphic to S"^ and 
that we have 

Proposition 4.1. For large k the hypersurfaces dE^ are graphs over dE. 

Proof. Each point x G dE is the limit of a sequence of points Xfe G dE^, and the 
corresponding unit normals vj. converge uniformly to v. dE is therefore oriented and, 
by construction, all dE^ lie on one side of dE. Let d be the signed distance function 
of dE] it is of class C^'" in a small tubular neighbourhood U of dE. Then, only 
finitely many dE^s are not completely contained in U. Fix k such that dEk C U, 
then for any y G dE^ there is exactly one x G dE such that 



We claim furthermore, that, if W is chosen small enough, any normal geodesic starting 
at an arbitrary point x G dE — and pointing in the right direction — , intersects dEk 
in exactly one point, which together with (4.1) yields that dEk is a graph over dE. 

To verify that claim, let us consider normal Gaussian coordinates (x") relative to 
dE, where x^ represents the coordinate axis normal to dE. We also suppose that 
the unit normal v of dE has coordinates u = (1, 0, . . . , 0). Since the unit normals Vf. 
of dEk converge uniformly to ly we conclude, that is as close to 1 as we wish for 
large k, but then dEk is at least locally a graph over {x^ = 0}, e.g., dEk = graph 
(locally), cf. [9, Proposition 4.9]. But then 



(4.1) 



dist(y,a;) = d{y) 



(4.2) 



r]{x) = d{y). 



Finally, let us verify that the mean curvature in N of the corresponding limiting 
hypersurface M is equal to / which is not so obvious. 
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Theorem 4.2. The mean curvature of M is equal to f. 

To prove the theorem we need the foUowing lemmata. 
Lemma 4.3. Let K C S'^ be compact with H'^~^{K) < oo, then 

(4.3) H^'idEniK xK)) ^0. 

Proof. We consider dE and dEi^ as submanifolds of N. For a subset U C -S" we 
define 11 = 17x11, where we use polar coordinates. We also denote by /j, resp. /ik the 
measures l-Dxsl resp. \Dxe^ I, where E resp. Ek are the subgraphs defined above. 

Now, let ft = S"^ \ K; then is a Caccioppoli set, since H^~^{dn) is finite. For 
e > 0, let ^ = (^") e H^'P{N) be a vectorfield such that 

(4.4) |e|<l and \^ - < e. 

Here, we use the fact that we already know dE and dEk to be uniformly of class 
H^'P for any finite p, since their mean curvatures are uniformly bounded, and we have 
established a prioiri estimates in C^'^/'^. 

Let Q = S'^ X [ti, t2] such that dE^ C Q for all k. Then we deduce 




Ii tends to zero if k goes to infinity, since Xe^ converges pointwise to Xe- The same 
argument applies to /4, while Is is estimated by 

(4.6) \h\<^iip) 

Thus, we conclude 

lim/Xfe(J7) = lim / xA^Xe^ I 

(4.7) Jq " 

<IJi{9) + c\i-v\^ <M^) + ce, 
because of the uniform convergence of to v. 
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On the other hand, we have 

(4.8) niQ) < limiiki^), 
and hence 

(4.9) = \iuiiiki^). 
Finally, we observe that HkiK) — and 

(4.10) fi{N) =\im fik{N) 

and deduce the desired result. 

In the next lemma we consider a Caccioppoli set E C N which is the subgraph of 
a function cp e BV{S''). 

Lemma 4.4. Let (p e BV{S'^), E = sub<^, and (x^t) be an interior point of E. 
Then, the line {{x,t) : —oo < t < t} does not intersect the measure-theoretical 
boundary of E, i.e. the set of all points z such that 

(4.11) <\EnBp{z)\ <\Bp{z)\ yo<p<p{z). 

Here, Bp{z) is the geodesic ball of radius p and center z, and \Bp{z)\ its volume. 
We note that due to the metric product structure of N 

(4.12) \Bpix,t)\ = \Bp{x,T)\ and Xb,(.,,) (•, • + r) = Xb,(..*-.) (t) 
for arbitrary t and r. 

Proof of the Lemma. We denote the measure-theoretical boundary of E by dE, since 
in the case we have in mind, the measure-theoretical and the topological boundary 
coincide. 

First, let us observe that the partial derivative of Xe with respect to — -gftr, — -DqXb) 
or more precisely, — (gfrr, -DXb)) is a non-negative measure. For let ry e C^{N), then 

(4.13) / r]{x,ifi{x))= [ Dof]ix,t)^- ff]DoXE- 

JS^ Js^J-oo Jn 

Secondly, let (x, r) e dE with r < t. Then, we claim 

(4.14) \Er)Bp{x,T)\-\EnBp{x,t)\ = - [ ds[ DqXe- 

Jo JBp{x,t-s) 

The proof of this relation is exactly the same as that of its Euclidean counterpart, cf. 
[9, Lemma 4.5]. 

Now, the right-hand side of (4.14) is non- negative, while the left-hand side is strictly 
negative for small p, a contradiction. 

We return to our original meaning of (p and define 
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Definition 4.5. Let [^p]{x) be the jump of (p atx, i.e. 

(4.15) ['^](^) = liiii ^{y) ~ liiQ <^(y) = ^^{x) — <p~{x). 

We have of course </7^(x) = v?(a;) since (p is u.s.c. 
An immediate corollary of Lemma 4.4 is 

Lemma 4.6. Let [<p]{x) > 0, then the whole line segment x x [(p~{x), <p~^{x)] belongs 
to dE. 

The proof is straightforward since (x, ip~{x)) e dE. 
Lemma 4.7. Let r > and 



(4.16) kr = {xeS'' : [cp]{x) > t}. 

Then, Aj- is compact and H'^~^[Kj.) < ct~^. 

Proof. We use a Besicovitch type covering argument. Let < 6 < t, then there exists 
a sequence of pairwise disjoint balls Bp.{xi) in R"^+^, with centers Xi e A,- and radii 
Pi < 5/3, such that the balls i?3p. (xj) cover A,-, see e.g. [9, Lemma 2.2]. We also 
choose 5 small enough, such that the volume of a geodesic ball in N of radius p < 5 
and center in a compact set is uniformly bounded from below and above by a multiple 
of p"'~^^. Consider the pairwise disjoint cylinders 



(4.17) Qp, (xi) = (Bp, (xi) n 5") X R. 

Then, Qp.{xi) H dE contains the line segment Xi x [{p~ {xi),(p~^{xi)], and we can 
find Ni disjoint geodesic balls Bp./2{yi,m)j 1 < m < Ni, with centers 

(4.18) Ui^rn eXiX [(p~{Xi),ip+{Xi)], 

where N^ can be estimated by 

(4.19) m > > ^. 

Hence, we deduce 

(4.20) f^iQpA^i)) > E i^{Bp^/,{yi,m)) >cJ2pf> ^Tpr\ 

m=l m=l 

where we use the well-known estimate for almost minimal boundaries 

(4.21) /^(Sp,/2(2/^,m))>cpr, 
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if yi,m £ dE, with a uniform positive constant c. 
We infer further 

oo oo 

(4.22) J2Pi~' ^ CT-i^/x(Qp,(a;,)) < ct-V(^), 

and conclude that the spherical (n — l)-dimensional measure of A^- is bounded by a 
multiple of T~^jj,{N), but this is equivalent to 

(4.23) iy^-^(A^) < CT-V(^) 

with is a different constant. 

At- is also closed, for let Xm G A^- be a sequence converging to xq E S"', then the 
line segments Xm x ['^~{xm),'^^{xm)] in dE converge to a line segment over xq of 
length at least r. 

Combining Lemma 4.3 and Lemma 4.7 we deduce 

Lemma 4.8. For each r > H'^~^{At-) — and (p is H^~^-a.e. continuous. 

Proof. We observe that for any Borel set U C S'^ 

(4.24) ^i{U) = f Vi + P^P- 

Ju 

Hence, we have 

(4.25) / Vl + I^^P = 0, 

and for any e > there is an open set fi. A,- C C 5", such that 

(4.26) ii{h)= I Vl + I^^P < e- 

Jo. 

In the proof of Lemma 4.7 we can now choose the covering B:^p.{xi) such that 

(4.27) S3p,(a;,)n5" Cf], 
and instead of the estimate (4.23) we obtain 



(4.28) H''-^{Kr) < CT-V(^) < CT-^e, 

i.e. iy"-i(A^) = 0. 
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The set where <^ is discontinuous is given by 

oo 

(4.29) y Ai/fe, 

fe=i 

which is an H'^~^ nuU set. 

We are now able to prove Theorem 4.2. The proof wiU be achieved, if we can show 



(4.30) hm / (e'^'^-i 



e'^") = 0. 



For large k we can write dE^ as a graph over dE 
(4.31) dEk = mVk) : CedE}, 

where the r]k^s are uniformly of class and converge to 77 = 0, which corresponds to 
dE in this setting. An integral of the form 



(4.32) / / , 

J dEk 

f defined in N, can then be expressed as 

(4.33) / /(e,%)Vl + l^%PK^,%), 

JdE 



where the continuous volume forms \/l + |-D?7fcp 6(^, %) converge to 6(^, 0), the vol- 
ume form for dE. This can be readily seen by introducing normal Gaussian coordi- 
nates in a tubular neighbourhood of dE. 

We extend (fik-i to N by the definition (fik-i o x, x is the projection on 5"^, and 
observe that (pk is equal to a^jg^fc' where we still use polar coordinates {x'^,x^) in N. 

Thus, we have 

(4.34) / (e'^'=-i -e'^'^) = / [e'^'=-i°«^(^.'?'=) _ e^°(^'^'= Vl + ^(C, %)• 

JdEk JdE 

Let I > ko he large, so that dEi is a graph over dE, and have in mind that the 
sequence (pk is monotone falling. Then, we have for A; > Z — 1 

(4.35) / [e'^'=-i°^(^'^'=) -e^°(^'^'=)]yrTp^6(e,r7fc) 

JdE 

JdE 
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and hence 

(4.36) ]hK [ (e^k-i _ ^fk^ ^ f [e^i°^(^.o) -e^°(^'0)]6(e,0), 

JdEk JdE 

or, if we let I tend to infinity, 

(4.37) IS^ / (e^'=-i -e^'=) < /" [e'^°^(^'°) - e^°(^'°)] 6(e, 0) 

JdEk JdE 

But 

(4.38) ^ o x(^, 0) - x\^, 0) < b](x(e, 0)) 

and in view of the preceding lemmata we know that //-a.e. the jump of ip is zero, i.e. 

(4.39) lim / (e'^'=-i - e'^'=) = 0. 

JdEu 
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